Abstract. The Mahler measure for the n-variable polynomial k + (x j + 1/x j ) is reduced to a single integral of the n − th power of the modified Bessel Function I 0 . Several special cases are examined in detail.
Introduction
Interest in the Mahler measure m(P ) = of a polynomial P (x 1 , · · · , x n ) has grown since Deninger [1] and Boyd [2] formulated a number of conjectures connecting them with the L−functions of an important class of elliptic curves. More recently, Bertin [3] and Rogers [4, 5] have extended this connection to hypergeometric identities and multi-dimensional lattice sums. For restricted ranges of the coefficients of certain P , m(P ) reduces to a variety of entropic integrals of interest in statistical physics, such as the spanning tree generating functions, studied extensively by Wu and his co-workers [6, 7, 8, 9] , as well as their derivatives, the corresponding lattice Green functions [10] . The aim of this note is to examine the Mahler measure of the hyper-cubic "polynomial"
With k = 2z, z ≥ n, after a simple change of integration variables, (1) becomes
(The sign is irrelevant). In 1987 the case J 3 (3) was first studied by A. Rosengren [11] and subsequently Joyce and Zucker [12] investigated J d (d) by reducing it to the single integral
By means of an asymptotic expansion Joyce and Zucker could approximate the integral (4) and obtain J d (d) to 50 place accuracy for d = 2, · · · , 10. In addition they worked out 15 terms of the asymptotic expansion for d → ∞. The principal result of this note is the derivation of an expression for J n (z) similar to (4) for arbitrary z > n and to explore some consequences.
Calculation
We start with the integral representation
Then, with A = z + cos x j , the familiar representation
and the fact that I ′ 0 (t) = −I 1 (t), we have
Being careful about the cancellation of the divergences at the lower limit, the second integral can be integrated by parts and recombined with the first to yield
where Θ denotes the unit step function. Equation (8) is valid for z ≥ n ≥ 0 and is consistent with Joyce and Zucker's expression (4) since
Results and conclusions
By comparing (8) with the known values of J n (z) for n = 1, 2 we obtain several, apparently, new Bessel integrals:
Note that
Also 4 F 3 (1, 1, 3/2, 3/2; 2, 2, 2; 1) = 16(π ln 2 − 2G)/π. Next, from the techniques introduced in Ref. [13] one finds
where r = √ z 2 − 9 and F [ξ] = 3 F 2 (1/4, 1/2, 3/4; 1, 1; ξ). By integrating (14) with respect z from z = 5, where the second term of (14) vanishes and the first term simplifies considerably, to z (this was carried out using Mathematica), we arrive at the closed-form expression 
where
For 3 ≤ z ≤ 5 the use of (15) requires the analytic continuation of the hypergeometric function which is examined in Appendix A; for z > 5 (15) is correct as stated. An equivalent expression appears in the work of Guttmann and Rogers [16] . The value (15) is a companion to Joyce's expressions [15] for the FCC lattice.
Can one proceed in this way? In view of the work by Glasser and Guttmann [17] which includes its differential equation and series expansions, n = 3 is probably as far as one can go in terms of known hypergeometric functions defined by a single series.
